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A NOTE ON HODGE INDEX THEOREM
YASHAN ZHANG
Abstract. We shall discuss the Hodge index theorem for compact Ka¨hler manifolds in
certain mixed settings, slightly extending the existing results.
1. Introduction
In this note, X is an n-dimensional compact Ka¨hler manifold with a fixed background
Ka¨hler metric ωX .
Definition 1.1. ([2, Section 4]) For any [Ω] ∈ Hn−2,n−2(X,R) := Hn−2,n−2(X,C) ∩
H2n−4(X,R) and [η] ∈ H1,1(X,R), we define the primitive space with respect to ([Ω], [η])
by
P 1,1(X,C) :=
{
[γ] ∈ H1,1(X,C)|[Ω] ∧ [η] ∧ [γ] = 0} .
Then we say ([Ω], [η]) satisfies the Hodge index theorem if the quadratic form
Q([β], [γ]) :=
∫
X
Ω ∧ β ∧ γ
is negative definite on P 1,1(X,C).
Let H be the set of pair ([Ω], [η]) ∈ Hn−2,n−2(X,R)×H1,1(X,R) satisfying the Hodge
index theorem.
A fundamental question is to determine H .
The classical Hodge index theorem (see e.g. [8, Chapter 6]) equivalently says ([ωn−2], [ω]) ∈
H for any Ka¨hler metric ω. A theorem of Gromov [5] (also see [2, Theorem 1.2]) extended
Hodge index theorem to a mixed setting, proving that ([ω1 ∧ ... ∧ ωn−2], [ωn−1]) ∈ H for
any Ka¨hler metrics ω1, ..., ωn−1. More recently, Xiao [9, Theorem A] further proved that
if ω is a Ka¨hler metric and α1, ..., αm−1 are closed real (1, 1)-forms such that every αj is
m-positive (m ≥ 2) with respect to ω, then ([ωn−m ∧ α1 ∧ ... ∧ αm−2], [αm−1]) ∈ H .
Comparing Xiao’s result [9] with the above-mentioned theorem of Gromov [5], it seems
natural to ask that can we further mix the term ωn−m in Xiao’s result, e.g. can we replace
it by ω1 ∧ ... ∧ ωn−m? We shall answer this in the following
Theorem 1.2. Fix an integer m ≥ 2. Assume ω1, ..., ωn−m are Ka¨hler metrics on X, and
α1, ..., αm−1 closed real (1, 1)-forms on X such that every αj is m-positive with respect to
(ωX , ω1 ∧ ... ∧ ωn−m) (see Definition 2.1). Then
([ω1 ∧ ... ∧ ωn−m ∧ α1 ∧ ... ∧ αm−2], [αm−1]) ∈ H .
As in Xiao [9, Example 1.1], we may apply the above theorem to the relative setting.
Indeed, in the relative setting a more general result can be proved.
Theorem 1.3. Fix an integer m ≥ 2. Assume there exists a holomorphic submersion f :
X → Y , where Y is an m-dimensional compact Ka¨hler manifold with a fixed background
Ka¨hler metric χY . Fix an integer d ≥ 2. Assume ω1, ..., ωn−m are Ka¨hler metrics on X,
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χ1, ..., χm−d Ka¨hler metrics on Y and β1, ..., βd−1 closed real (1, 1)-forms on Y such that
every βj is d-positive with respect to (χY , χ1 ∧ ... ∧ χm−d). Then
([ω1 ∧ ... ∧ ωn−m ∧ f ∗χ1 ∧ ... ∧ f ∗χm−d ∧ f ∗β1 ∧ ... ∧ f ∗βd−2], [f ∗βd−1]) ∈ H .
Remark 1.4. We should point out that, in Theorem 1.3, the case that ω1 = ... = ωn−m
and all χ1, ..., χm−d, β1, ..., βd−1 are Ka¨hler metrics on Y was proved in Xiao [9, Theorem
A, Example 1.1]. Our result here slightly extends it to a more mixed setting and partially
weakens the positivity assumption simultaneously, in which we may in particular mention
that some factors like f ∗βj ’s are no longer required to have at leastm positive eigenvalues,
e.g. they may only have 2 positive eigenvalues.
As direct consequences, we have the following Hard Lefschetz Theorem and Lefschetz
Decomposition Theorem in mixed settings.
Corollary 1.5. Assume ω1, ..., ωn−m, α1, ..., αm−1 be the same as in Theorem 1.2.
(1) The following map is an isomorphism
[ω1 ∧ ... ∧ ωn−m ∧ α1 ∧ ... ∧ αm−2] : H1,1(X,C)→ Hn−1,n−1(X,C);
(2) The space H1,1(X,C) has a Q-orthogonal direct sum decomposition
H1,1(X,C) = P 1,1(X,C)⊕ C[αm−1].
An analog of Corollary 1.5 for the setting in Theorem 1.3 holds similarly. We also have
the following Khovanskii-Teissier type inequalities.
Corollary 1.6. Fix an integer m ≥ 2. Assume ω1, ..., ωn−m are Ka¨hler metrics on X and
set Φ := ω1 ∧ ... ∧ ωn−m.
(1) Assume α1, ..., αs, s ≤ m, are closed real (1, 1)-forms and m-positive with respect
to (ωX ,Φ). For any i1, ..., is ∈ Z≥1 with i1 + ... + is = m, there holds(∫
X
αi11 ∧ αi22 ∧ ... ∧ αiss ∧ Φ
)2
≥
(∫
X
αi1+11 ∧ αi2−12 ∧ αi33 ∧ ... ∧ αiss ∧ Φ
)(∫
X
αi1−11 ∧ αi2+12 ∧ αi33 ∧ ... ∧ αiss ∧ Φ
)
and the equality holds if and only if [α1] and [α2] are proportional.
(2) Assume f : X → Y as in the Theorem 1.3. Fix an integer d ≥ 2. Assume
χ1, ..., χm−d are Ka¨hler metrics on Y and set Ψ := f
∗χ1 ∧ ... ∧ f ∗χm−d ∧ ω1 ∧ ... ∧
ωn−m. Assume β1, ..., βr, r ≤ d, are closed real (1, 1)-forms on Y and d-positive
with respect to (χY , χ1 ∧ ...∧ χm−d). For any j1, ..., jr ∈ Z≥1 with j1 + ...+ jr = d,
there holds(∫
X
f ∗βj11 ∧ f ∗βj22 ∧ ... ∧ f ∗βjrr ∧Ψ
)2
≥
(∫
X
f ∗βj1+11 ∧ f ∗βj2−12 ∧ f ∗βj33 ∧ ... ∧ f ∗βjrr ∧Ψ
)(∫
X
f ∗βj1−11 ∧ f ∗βj2+12 ∧ f ∗βj33 ∧ ... ∧ f ∗βjrr ∧Ψ
)
and the equality holds if and only if [β1] and [β2] are proportional.
To prove Theorems 1.2 and 1.3, we will mainly follow Xiao’s strategy in [9]. One of the
crucial steps in [9] is applying Garding inequality to the elementary symmetric polynomial.
In this note, we shall consider some hyperbolic polynomials which are slightly more general
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than the elementary symmetric polynomial, and then apply Garding’s theory iteratively.
Details will be presented in Section 3.
In Section 4 we will make some remarks on the mixed Hodge-Riemann bilinear relations.
2. Preliminaries
2.1. A generalized m-positivity.
Definition 2.1. Let Φ be a (strictly) positive (n−m,n−m)-form on X . We say a real
(1, 1)-form α on X is m-positive with respect to (ωX ,Φ) if
Φ ∧ ωm−kX ∧ αk > 0
for any 1 ≤ k ≤ m. In particular, the case Φ = ωn−mX gives the original m-positivity
with respect to a fixed Ka¨hler metric. In this note we shall mainly discuss the case that
Φ = ω1 ∧ ...∧n−m with ωj’s Ka¨hler metrics on X .
We will see from the following discussions that the above generalizedm-positivity notion
appears naturally.
Remark 2.2. A version of m-positivity with respect to ω1, ..., ωn−m has been proposed
in [9, Remark 2.12], which seems slightly stronger than the one defined above.
2.2. Hyperbolic polynomials. Next we collect some properties of hyperbolic polyno-
mials, closely following [4], [6, Chapter 2] and [9, Section 2.1].
Let V be an N -dimensional complex vector space and P = P (x) a homogeneous poly-
nomial of degree n on V . For a real vector a ∈ V we say that P is hyperbolic at a
if the equation P (sa + x) = 0 has n real zeroes for every real x ∈ V . In particular,
P (a) 6= 0 and the polynomial P (x)/P (a) is real when x is real. Then we may without loss
of generality assume that P is a real polynomial. We say P is complete if the condition
P (sx+ y) = P (y) for all s, y implies x = 0. If P is hyperbolic at a, let C(P, a) be the set
of all x such that P (sa+ x) 6= 0 when s ≥ 0.
Theorem 2.3. If P is hyperbolic at a, then
(1) C(P, a) is an open convex cone;
(2) For any b ∈ C(P, a), P is hyperbolic at b and C(P, b) = C(P, a). In this case we
denote C(P ) = C(P, a);
(3) P (x)/P (a) > 0 on C(P, a) and (P (x)/P (a))1/n is concave on C(P, a).
Let P˜ (x1, ..., xn) be the completely polarized form of P , which can be explicitly obtained
by differentiation:
P˜ (x1, ..., xn) =
1
n!
n∏
k=1
(
N∑
j=1
xjk
∂
∂xj
)
P (x),
where x = (x1, ..., xN) and xk = (x
1
k, ..., x
N
k ).
Theorem 2.4. If P is hyperbolic at a with P (a) > 0 and complete, then
(1) For any 2 ≤ m ≤ n−1 and any b1, ..., bn−m ∈ C(P, a), Pm(x) = P˜ (b1, ..., bn−m, x, ..., x)
is hyperbolic at a and complete, and C(P, a) ⊂ C(Pm, a). In particular, P˜ (x1, x2, ..., xn) >
0 for any x1, ..., xn−1 ∈ C(P, a) and xn ∈ C(P, a) \ {0};
(2) P˜ (x1, x2, ..., xn) ≥ P (x1)1/n · ... ·P (xn)1/n for any x1, ..., xn ∈ C(P, a), and the equality
holds if and only if xj’s are pairwise proportional.
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3. Proof
In this section we shall prove Theorems 1.2 and 1.3. Let’s only present the details
for Theorems 1.3, as Theorems 1.2 can be proved by similar but easier arguments (see
Remark 3.4(3)).
Unlike [9] (in which the discussions began with the elementary symmetric polynomial
σm), here we will begin with the determinant function defined on n×n Hermitian matrices
(see e.g. [4, Example 4]), which provides us some more freedoms to mix the arguments
involved. That is equivalent to consider the real (1, 1)-forms of constant coefficients on Cn.
Precisely, if we denote Λ1,1
R
(Cn) be the space of real (1, 1)-forms of constant coefficients
on Cn, then for any x ∈ Λ1,1
R
(Cn) we define
P (x) := xn = x ∧ ... ∧ x,
which (strictly speaking, whose coefficient) is a homogenous polynomial of degree n and
is hyperbolic at any positive real (1, 1)-forms in Λ1,1
R
(Cn) and is complete. Precisely, For
any fixed positive real (1, 1)-forms ω ∈ Λ1,1
R
(Cn), the cone C(P, ω) consists of all positive
real (1, 1)-forms in Λ1,1
R
(Cn). Note that the completely polarized form of P is given by
P˜ (x1, ..., xn) := x1 ∧ ... ∧ xn
for any x1, ..., xn ∈ Λ1,1R (Cn). Fix a Ka¨hler metric ω0 ∈ Λ1,1R (Cn). Then for any fixed
integer m ≥ 2 and any Ka¨hler metrics ω1, ..., ωn−m ∈ Λ1,1R (Cn), the polynomial
Pm(x) := P˜ (ω1, ..., ωn−m, x, ..., x) = ω1 ∧ ... ∧ ωn−m ∧ xm (1)
is hyperbolic at ω0 and complete, thanks to Theorem 2.4(1).
Next we need to understand the cone C(Pm, ω0). By Theorem 2.4(1) we know that
C(P, ω0) ⊂ C(Pm, ω0), i.e. C(Pm, ω0) contains all positive real (1, 1)-forms in Λ1,1R (Cn).
More generally, we have
Lemma 3.1. If x ∈ Λ1,1
R
(Cn) is m-positive with respect to (ω0, ω1∧ ...∧ωn−m) in the sense
of Definition 2.1, then x ∈ C(Pm, ω0).
Proof. For convenience, we set Φ := ω1 ∧ ... ∧ ωn−m. In this case, since Pm(ω0) > 0, it is
easy to see that C(Pm, ω0) consists of all x such that P (sω0+x) > 0 whenever s ≥ 0. On
the other hand, by definition (1),
Pm(sω0 + x) = Φ ∧ (sω0 + x)m
=
m∑
k=0
((
m
k
)
Φ ∧ ωm−k0 ∧ xk
)
sm−k, (2)
from which one easily sees that if x is m-positive with respect to (ω0,Φ), then all the
coefficients of Pm(sω0+ x) (as a polynomial of s) are positive and hence Pm(sω0+ x) > 0
whenever s ≥ 0, i.e. x ∈ C(Pm, ω0). 
To proceed we fix an integer d ≥ 2 and a real (1, 1)-form α0 ∈ Λ1,1R (Cn) which is m-
positive with respect to (ω0, ω1 ∧ ... ∧ ωn−m). Given Lemma 3.1, we may apply Theorem
2.4(1) one more time to conclude that, for any real (1, 1)-forms α1, ..., αm−d ∈ Λ1,1R (Cn)
such that every αj is m-positive with respect to (ω0, ω1 ∧ ... ∧ ωn−m), the polynomial
Pm,d(x) := P˜m(α1, ..., αm−d, x, ..., x) = ω1 ∧ ... ∧ ωn−m ∧ α1 ∧ ... ∧ αm−d ∧ xd (3)
is hyperbolic at α0 and complete.
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Next, consider the projection f : Cn−m × Cm → Cm, and fix a Ka¨hler metric χ0 ∈
Λ1,1
R
(Cm). Of course f ∗χ with χ a Ka¨hler metric in Λ1,1
R
(Cm) must be m-positive with
respect to (ω0, ω1∧ ...∧ωn−m) as it is semi-positive on Cn and has m positive eigenvalues
at any point in Cn, and so f ∗χ ∈ C(Pm, ω0) = C(Pm, α0) ⊂ C(Pm,d, α0) = C(Pm,d, f ∗χ0),
here we have used Theorem 2.3(2). Then we have
Lemma 3.2. Let χ1, ..., χm−d ∈ Λ1,1R (Cm) be Ka¨hler metrics and Pm,d the polynomial
defined in (3) with αj = f
∗χj, j = 1, ..., m− d. If y ∈ Λ1,1R (Cm) is d-positive with respect
to (χ0, χ1 ∧ ... ∧ χm−d) on Cm, then f ∗y ∈ C(Pm,d, f ∗χ0).
Proof. If y is d-positive with respect to (χ0, χ1∧...∧χm−d), then χ1∧...∧χm−d∧χd−k0 ∧yk > 0
on Cm for any 1 ≤ k ≤ d, and so the coefficients in Pm,d(sf ∗χ0 + f ∗y) are all positive.
Therefore, Pm,d(sf
∗χ0 + f
∗y) > 0 for any s ≥ 0. 
Then we may define, for a fixed integer e ≥ 2 and any β1, ..., βd−e ∈ Λ1,1R (Cm) which are
d-positive with respect to (χ0, χ1 ∧ ... ∧ χm−d) on Cm,
Pm,d,e(x) := ω1 ∧ ... ∧ ωn−m ∧ f ∗χ1 ∧ ... ∧ f ∗χm−d ∧ f ∗β1 ∧ ... ∧ f ∗βd−e ∧ xe, (4)
which is hyperbolic at f ∗β0 if β0 ∈ Λ1,1R (Cm) is d-positive with respect to (χ0, χ1 ∧ ... ∧
χm−d), and complete, again thanks to Theorem 2.4(1).
Consequently, similar to [9, Lemmas 3.8, 3.9] we have
Lemma 3.3. If ω1, ..., ωn−m ∈ Λ1,1R (Cn) are Ka¨hler metrics on Cn, χ1, ..., χm−d ∈ Λ1,1R (Cm)
are Ka¨hler metrics on Cm and β1, ..., βd−1 ∈ Λ1,1R (Cm) are d-positive with respect to
(χ0, χ1 ∧ ... ∧ χm−d) on Cm, then
(1) The following is a strictly positive (n− 1, n− 1)-form on Cn:
ω1 ∧ ... ∧ ωn−m ∧ f ∗χ1 ∧ ... ∧ f ∗χm−d ∧ f ∗β1 ∧ ... ∧ f ∗βd−1.
(2) If α ∈ Λ1,1
R
(Cn) satisfies
ω1 ∧ ... ∧ ωn−m ∧ f ∗χ1 ∧ ... ∧ f ∗χm−d ∧ f ∗β1 ∧ ... ∧ f ∗βd−1 ∧ α = 0,
then
ω1 ∧ ... ∧ ωn−m ∧ f ∗χ1 ∧ ... ∧ f ∗χm−d ∧ f ∗β1 ∧ ... ∧ f ∗βd−2 ∧ α2 ≤ 0
with equality holds if and only if α = 0.
Proof. (1) This is a consequence of Theorem 2.4(1). To see this we first note that ev-
ery f ∗βj ∈ C(Pm,d, f ∗χ0) by Lemma 3.2, and of course ω1, ..., ωn−m, f ∗χ1, ..., f ∗χm−d ∈
C(Pm,d, f
∗χ0), too. Moreover, for any non-zero semi-positive real (1, 1)-form α ∈ Λ1,1R (Cn),
we have α ∈ C(Pm,d, f ∗χ0) \ {0}, as α belongs to the closure of the set C ⊂ Λ1,1R (Cn) of all
Ka¨hler metrics and C ⊂ C(Pm, ω0) ⊂ C(Pm,d, f ∗χ0) by Theorem 2.4(1). Therefore, again
by Theorem 2.4(1),
ω1 ∧ ... ∧ ωn−m ∧ f ∗χ1 ∧ ... ∧ f ∗χm−d ∧ f ∗β1 ∧ ... ∧ f ∗βd−1 ∧ α > 0.
(2) This is a consequence of Garding inequality in Theorem 2.4(2). Let’s consider the
case e = 2 in (4):
Pm,d,2(x) = ω1 ∧ ... ∧ ωn−m ∧ f ∗χ1 ∧ ... ∧ f ∗χm−d ∧ f ∗β1 ∧ ... ∧ f ∗βd−2 ∧ x2.
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Since f ∗βd−1 ∈ C(Pm,d, f ∗χ0) ⊂ C(Pm,d,2, f ∗χ0) and C(Pm,d,2, f ∗χ0) is an open convex
cone in Λ1,1
R
(Cn) by Theorem 2.3(1), we know that, for sufficiently large number s, α +
sf ∗βd−1 ∈ C(Pm,d,2, f ∗χ0). Then by Theorem 2.4(2) there holds
P˜m,d,2(f
∗βd−1, α + sf
∗βd−1)
2 ≥ Pm,d,2(f ∗βd−1) · Pm,d,2(α + sf ∗βd−1),
which, as we can check directly, is equivalent to
P˜m,d,2(f
∗βd−1, α)
2 ≥ Pm,d,2(f ∗βd−1) · Pm,d,2(α),
from which the desired inequality follows, since by assumption P˜m,d,2(f
∗βd−1, α) = 0 and
by Theorem 2.4(2) (or the above item (1)) Pm,d,2(f
∗βd−1) > 0. Moreover, the quality
holds if and only if f ∗βd−1 and α are proportional, which, by using Pm,d,2(α) = 0 and the
above item (1), in turn implies α = 0. 
End of the proof of Theorem 1.3. Having the above preparations, we can easily carry out
the global case on a compact Ka¨hler manifold X and finish the proof of Theorem 1.3 by
applying an identical arguments in [9, Section 3.2]. To make this note more complete and
readable, let’s give a sketch by following [9, Section 3.2].
It suffices to check the result for elements in P 1,1(X,R) := P 1,1(X,C) ∩H2(X,R). Set
Ω := ω1 ∧ ... ∧ ωn−m ∧ f ∗χ1 ∧ ... ∧ f ∗χm−d ∧ f ∗β1 ∧ ... ∧ f ∗βd−2, and arbitrarily take
[α] ∈ P 1,1(X,R) with a smooth representative α. Then, by the definition of the primitive
space with respect to ([Ω], [f ∗βd−1]) in Definition 1.1,∫
X
Ω ∧ f ∗βd−1 ∧ α = 0,
which, combining with Lemma 3.3(1), gives a smooth solution φ ∈ C∞(X,R) to the
following Laplacian equation:
Ω ∧ f ∗βd−1 ∧ (α +
√−1∂∂¯φ) = 0.
Then Lemma 3.3(2) implies
Ω ∧ (α+√−1∂∂¯φ)2 ≤ 0 (5)
with equality holds if and only if α +
√−1∂∂¯φ = 0. Integrating (5) gives
Q([α], [α]) =
∫
X
Ω ∧ (α +√−1∂∂¯φ)2 ≤ 0
with equality holds if and only if α +
√−1∂∂¯φ = 0 on X , i.e. [α] = 0 in H1,1(X,R).
The proof is completed. 
Remark 3.4. Some remarks are prepared.
(1) From the above proof, it is not hard to see that the same conclusion in Theorem 1.3
holds if we replace f ∗β1, ..., f
∗βd−1 by closed real (1, 1)-forms α1, ..., αd−1 on X such that
every αj is d-positive with respect to (f
∗χY , ω1 ∧ ... ∧ ωn−m ∧ f ∗χ1 ∧ ... ∧ f ∗χm−d) on X .
(2) If there exists a sequence of holomorphic submersions X → Y → ... → Z with
Y, ..., Z compact Ka¨hler manifolds and dim(Z) ≥ 2, then we may further iterate the
above arguments to obtain slight extensions of Theorems 1.3.
(3) Working with the polynomial Pm in equation (1), one can prove Theorem 1.2 by
similar but easier arguments.
(4) Given Theorems 1.2 and 1.3, Corollaries 1.5 and 1.6 can be checked by standard
arguments, see e.g. [2, 9].
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(5) From the above discussions, to obtain general abstract elements in H defined
in Definition 1.1, a natural approach may be characterizing the positive (n−m,n−m)-
forms, say Φ ∈ Λn−m,n−m
R
(Cn), of the property that the following homogeneous polynomial
defined on Λ1,1
R
(Cn),
PΦ(x) := Φ ∧ xm,
is hyperbolic (and complete). Such a Φ, together with m − 1 elements in C(PΦ), could
produce general abstract elements in H , which generalizes Theorem 1.2.
(6) Relating to the above problem, it is also natural to consider the following equation
on a compact Ka¨hler manifold X :
(α+
√−1∂∂¯φ)m ∧ Φ = Ψ, (6)
where Ψ is a smooth volume from on X , and α may be assumed to be m-positive with
respect to (ωX ,Φ). The case that Φ = ω
n−m
X is just the complex Hessian equation, and
the case that Φ = ω1 ∧ ...∧ωn−m with ωj’s Ka¨hler metrics on X has been proposed in [9,
Remark 2.12]. It seems interesting to explore the relations between the solvability of (6)
and the hyperbolicity of PΦ, which may have applications in understanding the structure
of H .
4. Remarks on the mixed Hodeg-Riemann bilinear relations
Our results (see Theorem 1.3 and Remark 3.4(3)) motivate some Hodeg-Riemann bi-
linear relations in the mixed setting. Similar to Definition 1.1 we first introduce
Definition 4.1. ([2, Section 4]) For any [Ω] ∈ Hn−k,n−k(X,R) := Hn−k,n−k(X,C) ∩
H2(n−k)(X,R), [η] ∈ H1,1(X,R), and for (p, q) with 0 ≤ p, q ≤ p + q ≤ n and p + q = k,
we define the primitive space with respect to ([Ω], [η]) in Hp,q(X,C) by
P p,q(X,C) := {[γ] ∈ Hp,q(X,C)|[Ω] ∧ [η] ∧ [γ] = 0} .
Then we say ([Ω], [η]) satisfies the Hodge-Riemann bilinear relation on Hp,q(X,C) if the
quadratic form
Q([β], [γ]) :=
√−1q−p(−1) (p+q)(p+q+1)2
∫
X
Ω ∧ β ∧ γ
is positive definite on P p,q(X,C).
Let H n−k,n−k be the set of pair ([Ω], [η]) ∈ Hn−k,n−k(X,R)×H1,1(X,R) satisfying the
Hodge-Riemann bilinear relation on Hp,q(X,C) for any (p, q) with p+ q = k.
The classical Hodge-Riemann bilinear relation (see e.g. [8, Chapter 6]) equivalently
says ([ωn−k], [ω]) ∈ H n−k,n−k for any Ka¨hler metric ω. A theorem of Dinh-Nguyen [2,
Theorem A] (see also Cattani [1]) extended Hodge-Riemann bilinear relation to a mixed
setting, proving that ([ω1 ∧ ... ∧ ωn−k], [ωn−k+1]) ∈ H n−k,n−k for any Ka¨hler metrics
ω1, ..., ωn−k+1 (also see [5, 7] for some special cases). More recently, Xiao [10, Theorem
A] further proved that for any fixed positive integer m with k ≤ m ≤ n, if ω1, ..., ωn−m
are Ka¨hler metrics on X and α1, ..., αm−k+1 are closed real (1, 1)-forms on X such that
every αj is m-positive (m ≥ 2) with respect to (ωn−m, ω1 ∧ ... ∧ ωn−m) and semi-positive,
then ([ω1 ∧ ... ∧ ωn−m ∧ α1 ∧ ... ∧ αm−k], [αm−k+1]) ∈ H n−k,n−k (strictly speaking, Xiao
[10] stated and proved the case that ω1 = ... = ωn−m; but one may easily check that the
arguments therein work for the above-mentioned setting).
From now on, for simplicity let’s focus on the relative case. We first recall
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Theorem 4.2. [10, Corollary A] Let f : X → Y be a holomorphic submersion, where
Y is an m-dimensional compact Ka¨hler manifold with a fixed background Ka¨hler metric.
Let p, q ∈ Z≥0 with p + q = k ≤ m. Assume ω1, ..., ωn−m are Ka¨hler metrics on X and
χ1, ..., χm−k+1 Ka¨hler metrics on Y , then
([ω1 ∧ ... ∧ ωn−m ∧ f ∗χ1 ∧ ... ∧ f ∗χm−k], [f ∗χm−k+1]) ∈ H n−k,n−k.
Motivated by Theorem 1.3 and Remark 3.4(1), we observe the following slight extension
of Theorem 4.2.
Proposition 4.3. Let f : X → Y be a holomorphic submersion, where Y is an m-
dimensional compact Ka¨hler manifold with a fixed background Ka¨hler metric χY . Let
p, q, d ∈ Z≥0 with p + q = k ≤ d ≤ m. Assume ω1, ..., ωn−m are Ka¨hler metrics on X,
χ1, ..., χm−d Ka¨hler metrics on Y , and α1, ..., αd−k+1 closed real (1, 1)-forms on X such
that every αj is d-positive with respect to (f
∗χm−d, ω1 ∧ ... ∧ ωn−m ∧ f ∗χ1 ∧ ... ∧ f ∗χm−d)
and semi-positive, then
([ω1 ∧ ... ∧ ωn−m ∧ f ∗χ1 ∧ ... ∧ f ∗χm−d ∧ α1 ∧ ... ∧ αd−k], [αd−k+1]) ∈ H n−k,n−k.
As an immediate consequence, we have
Corollary 4.4. Let f : X → Y be a holomorphic submersion, where Y is an m-
dimensional compact Ka¨hler manifold with a fixed background Ka¨hler metric χY . Let
p, q, d ∈ Z≥0 with p + q = k ≤ d ≤ m. Assume ω1, ..., ωn−m are Ka¨hler metrics on X,
χ1, ..., χm−d Ka¨hler metrics on Y , and β1, ..., βd−k+1 closed real (1, 1)-forms on Y such
that every βj is d-positive with respect to (χm−d, χ1 ∧ ... ∧ χm−d) and semi-positive on Y ,
then
([ω1 ∧ ... ∧ ωn−m ∧ f ∗χ1 ∧ ... ∧ f ∗χm−d ∧ f ∗β1 ∧ ... ∧ f ∗βd−k], [f ∗βd−k+1]) ∈ H n−k,n−k.
We now briefly explain the proof of Proposition 4.3. A proof for Proposition 4.3 can
be achieved by adapting the arguments in [10] (and also [7, 2, 3]). For example, we have
an analog of [10, Lemma 2.1] as follows:
Lemma 4.5. Let p, q, k,m, d as in Proposition 4.3. Let f : Cn−m × Cm → Cm be the
projection. Let ω1, ..., ωn−m ∈ Λ1,1R (Cn) be Ka¨hler metrics on Cn, χ1, ..., χm−d ∈ Λ1,1R (Cn)
Ka¨hler metrics on Cm. If α ∈ Λ1,1
R
(Cn) is d-positive with respect to (f ∗χm−d, ω1 ∧ ... ∧
ωn−m∧ f ∗χ1 ∧ ...∧ f ∗χm−d) and semi-positive, then there is a proper subspace S(α) of Cn
such that for any v ∈ Cn \ S(α), α|Hv is d-positive with respect to ((f ∗χm−d)|Hv , (ω1)|Hv ∧
... ∧ (ωn−m)|Hv ∧ (f ∗χ1)|Hv ∧ ... ∧ (f ∗χm−d−1)|Hv), where Hv is the hyperplane defined by
Hv := {x ∈ Cn|v · x = 0}.
This can be checked by an almost identical argument in [10, Lemma 2.1], once we notice
the hyperbolicity of the homogeneous polynomial Pm,d defined in (3) and Lemma 3.2.
Then we can modify the arguments in [10] (and also [7, 2, 3]) step by step to finish the
proof of Proposition 4.3.
Remark 4.6. (1) Given Proposition 4.3 and Corollary 4.4, it is easy to obtain the cor-
responding Hard Lefschetz Theorems and Lefschetz Decomposition Theorems, see e.g.
[2, 3, 10].
(2) We can also slightly generalize the abstract versions of the mixed Hodge-Riemann
bilinear relations in [2, Theorem 1.1] and [10, Theorem 4.3] to the settings of Proposition
4.3 and Corollary 4.4.
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